We present a set of convective dynamo simulations in rotating spherical fluid shells based on an anelastic approximation of compressible fluids. The simulations extend into a "buoyancy-dominated" regime where the buoyancy forcing is dominant while the Coriolis force is no longer balanced by pressure gradients and strong anti-solar differential rotation develops as a result. Dynamos in this regime are strongly dominated by dipole components but at the same time their magnetic energies are relatively small compared to the corresponding kinetic energies of the flow. Despite being relatively weak the self-sustained magnetic fields are able to reverse the direction of differential rotation to solar-like. We find that the convection in the buoyancy-dominated regime is significantly stronger near the pole than in the equatorial region, leading to non-oscillatory dipolar dynamo 
Introduction
Recent progress in observational and computational capabilities have led to substantial advances in our understanding of origins of stellar and planetary magnetism and variability.
The key role is played by dynamo processes driven by convective heat flux and rotation.
These processes are particularly complex in the case of turbulent convection in stellar and planetary envelopes. The interaction of convection, magnetic field and rotation results in variations of the rotation rate with depth and latitude, called the differential rotation, and also large-scale meridional flows. The differential rotation is a crucial part of dynamo mechanisms. It has been measured quite accurately for the solar surface by tracking motion of various features and also through analysis of the Doppler shift of spectral lines. Also, helioseismology data from the SOHO and SDO space missions and ground-based network GONG provided measurements of the internal rotation (e.g. Schou et al. 1998 ) and meridional circulation of the Sun (Zhao et al. 2013 ).
Recently, high-precision spectroscopic and photometric observations provided measurements of the differential rotation on other stars. The most prominent feature of the solar differential rotation is that the equatorial zone rotates faster than higher latitude regions. For other stars, this type of differential rotation is called solar-like rotation. When the equator rotates slower than the polar regions then such rotational profile is called anti-solar. Recent analysis of the high-precision light curves from the Kepler mission for a sample of 50 G-type stars by Reinhold & Arlt (2015) found 21-34 stars with the solar-like differential rotation, and 5-10 stars with the anti-solar rotation.
One of the first theories of non-linear convection in rotating shells developed in the Boussinesq approximation by Busse (1970) demonstrated that the dynamical effects of rotation on convection are a primary mechanism of stellar differential rotation. This theory revealed the basic properties of the differential rotation primarily depend on the supercritical value of the Rayleigh number which measures the strength of the buoyancy forces and determines the magnitude of convection motions. For a relatively small supercritical Rayleigh numbers the convection is mostly developed in the equatorial region in the form of convective rolls (aka "banana cells") oriented along the rotation axis. Angular momentum transport by these cells causes the solar-like differential rotation. This regime of weakly supercritical Rayleigh numbers corresponds to small Rossby number defined as a ratio of the rms convective velocity to the mean rotational velocity. This regime is called rotationally-dominated. Numerical simulations in the Boussinesq approximation by Gilman (1976) confirmed these results, and also found at high supercritical Rayleigh numbers when convection develops at all latitudes the differential rotation may become anti-solar. This regime is characterized by large (greater than 1) Rossby numbers. The transition between the solar and anti-solar rotation profiles also depends on the Taylor number which measures the relative importance of Coriolis and viscous forces. While the rotationally dominated regime is likely to occur in the deep convection zone where convective velocities are small, Gilman & Foukal (1979) noticed that on the Sun a typical supergranulation turn-over time is much shorter than the rotation period, and thus the convection is in a bouyancy-dominated regime. This suggests that on the Sun a combination of these regimes takes place, resulting in a complicated differential rotation profile.
Indeed, the differential rotation determined by helioseismology turned out to be quite different from the theoretical predictions. For instance, while in the rotationally dominated regime the contour lines of equal rotation rate are aligned along the rotation axis, in the bulk of the solar convection zone the isorotation lines are inclined (so-called "conical profile") . In addition, helioseismology inferences revealed two narrow rotational shear layers at the boundaries of the convection zone: the so-called tachocline at the bottom and a near-surface shear layer at the top.
Substantial efforts have made to reproduce the observed solar rotation in numerical simulations using various fluid dynamics and MHD codes, mostly using the anelastic approximation which describes the solar conditions more realistically than the Boussinesq approximation. These efforts are summarized and reviewed by Brun et al. (2014) . Among these, there was an attempt of Guerrero et al. (2013b) to find an intermediate regime close to the real solar rotations by varying the frame rotation rate and gradient of the background specific entropy in numerical anelastic model. These variations correspond to changing an effective Rayleigh number. However, the simulations did not find an intermediate regime with a "conical" profile, and instead surprisingly showed that the transition between the solar and anti-solar rotational profiles is rather sharp. Similar results were obtained by Gastine et al. (2013 Gastine et al. ( , 2014 ; Käpylä et al. (2014) ; Mabuchi et al. (2015) , and Karak et al. (2015) .
The influence of the dynamo-generated magnetic field of the differential rotation profile has not been investigated in detail. In the solar case, the simulation of Ghizaru et al. (2010) and Fan & Fang (2014) showed that the magnetic field brings the rotational profile closer to the helioseismology data. According to simulations of Gastine et al. (2014) the magnetic field does not have a significant effect on the transition from the solar-like to the anti-solar rotation profiles. It results in only a slight change in the critical Rossby number corresponding to this transition. Thus, the role of magnetic field on the differential rotation requires further investigation.
It is well-established (e.g. Busse et al. 2003; Simitev & Busse 2005 ) that the main effect of self-sustained magnetic field on convection is to suppress differential rotation. Dynamo action beyond the transition from rotation-dominated regime to buoyancy-dominated regime has not been previously studied in detail. The goal of this paper is to present a new simulation code for the MHD modeling in the anelastic approximation, the code validation results based on benchmark dynamo models (Jones et al. 2011) , and initial results of our investigation of magnetic effects in the buoyancy-dominated regime. In particular, we find that the dynamo-generated magnetic field can suppress the transition from the solar-like to the antisolar-like rotation profile. In this case the convection is significantly stronger near the pole than in the equatorial region, leading to non-oscillatory dipolar dynamo. Such dynamo regime with concentration of magnetic field in the polar regions may explain the observations of polar starspots in young solar-type stars which exhibit reduced but still the solar-type differential rotation (Brown et al. 2014 ).
In Section 2 we introduce the mathematical model based on the anelastic approximation, and discuss the numerical method and diagnostic output. In Section 2.5, we present the benchmark validation results. In Section 3, we discuss the properties of dynamos in the buoyancy-dominated regime of convection. Section 4 presents a summary of our main results and discussion of their implications. We also outline questions for future research.
Mathematical model and numerical method
We consider an electrically conducting, self-gravitating, perfect gas confined to a spherical shell. The shell rotates with a fixed angular velocity Ωk about the vertical axis and an entropy contrast ∆S is imposed between its inner and outer surfaces.
Anelastic equations
Assuming a gravity field proportional to 1/r 2 , a hydrostatic polytropic reference state exists of the formρ
The parameters ρ c , P c and T c are reference values of density, pressure and temperature at the middle of the shell, and the gas polytropic index n, the density scale height number, N ρ , and the shell thickness ratio, η, are defined below.
Convection and magnetic field generation are described by the equations of continuity, momentum, energy and magnetic flux. In the anelastic approximation (Gough 1969; Jones et al. 2011 ) these equations take the form
where u is the velocity, B is the magnetic flux density, S is the entropy and ∇Π includes all terms that can be written as gradients. The viscous force (F ν ), and the viscous (Q ν ) and Joule (Q j ) heating are defined in terms of the deviatoric stress tensor (Ŝ ij )
where the double-dots symbol (:) denotes the Frobenius inner product. We assume that the viscosity ν and the entropy diffusivity κ are constant throughout the shell The governing equations are parametrized using the thickness of the shell d = r o − r i as a unit of length, The system is then characterized by eight non-dimensional parameters: the radius ratio η = r i /r o , the polytropic index n, the density scale number N ρ = ln ρ(r i )/ρ(r o ) , the radial dependence power k, the Rayleigh number R = c 1 T c d 2 ∆S/νκ the thermal Prandtl number Pr = ν/κ, the magnetic Prandtl number Pm = ν/λ, and the Coriolis number τ = 2Ωd 2 /ν.
Since the mass fluxρu, and the magnetic flux density B are solenoidal vector fields,
we employ a decomposition in poloidal and toroidal components,
wherer is the radial unit vector, r is its length, v, w, h and g are the poloidal and toroidal scalars of the momentum and magnetic field, respectively. Equations (2a) 
Boundary conditions
Different types of the boundary conditions are implemented in the code. The alternatives are listed below and the particular choice will be specified in each individual case.
At a no-slip, impenetrable boundary we impose
At a stress-free, impenetrable boundary we require
Values of the entropy may be fixed at the boundaries, then
Alternatively, the entropy flux may be specified at the top,
Boundary conditions for the magnetic field are derived from the assumption of an electrically insulating external region. The poloidal function h is then matched to a function h (e) , which describes an external potential field,
Alternatively, a perfectly conducting external region may be assumed, requiring
Finally, the, so-called, "pseudo-vacuum" condition offers another choice,
Numerical method
To perform the numerical simulations of this study, we have extended our previous Boussinesq code (Tilgner & Busse 1997; Busse et al. 2003; Simitev & Busse 2005; Busse & Simitev 2006 , 2008 Simitev & Busse 2009 , 2012 to solve the anelastic equations described in Sec. 2. Despite similarities with the Boussinesq code, this is a major modification both in terms of the mathematical model and the numerical code. For the numerical solution of the problem we have adapted the pseudo-spectral method described by Tilgner (1999) . The scalar unknowns v, w, h, g and S, are expanded in Chebychev polynomials T p in the radial direction r, and in spherical harmonics in the angular directions (θ, ϕ) e.g.,
where P m l denotes the associated Legendre functions, x(r) = 2(r − r i ) − 1, and N l and N r are truncation parameters. A system of equations for the coefficients in these expansions is obtained by a combination of a Galerkin spectral projection of the governing equations in the angular directions and a collocation constraint in radius. This system is presented in Appendix A.
Computation of nonlinear terms in spectral space is expensive, so nonlinear products and the Coriolis term are computed in the physical space and then projected into the spectral space at every time step. A standard 3/2-dealiasing in θ and ϕ is used at this stage. A hybrid of a Crank-Nicolson scheme for the diffusion terms and a second order Adams-Bashforth scheme for the nonlinear terms are used for integration in time.
A range of numerical resolutions has been employed in this study varying from (N r = 61, N l = 96) in less demanding cases to (N r = 121, N l = 144) in more strongly stratified or turbulent runs. Correspondingly, the physical gridpoints on which non-linear terms are evaluated have been varied up to N r = 121, N θ = 216, N ϕ = 437.
Diagnostic output quantities
Our numerical convection and dynamo solutions are characterized by their kinetic and magnetic energy and heat transport given by a Nusselt number. The energies can be conveniently split into poloidal and toroidal components, mean and fluctuating components and further into equatorially-symmetric and equatorially-antisymmetric components, thus giving a rather complete description of the scales of the convective flow and the multipole structure of dynamos. The mean and fluctuating toroidal and poloidal components of the kinetic energy are defined as
where angular brackets denote averages over the spherical volume of the shell. Magnetic energy components are defined analogously with h and g replacing v and w and without the factorρ −1 within the angular brackets. The total energies are, of course, the sum of all components. The Nusselt number is defined as the ratio between the values of the luminosity of the convective state and of the basic conduction state,
with the integral taken over the top surface ∂V . Apart from quantifying the heat transport of convection, the value of the Nusselt number serves as a convenient proxy for the super-criticality of the convective regime.
Other diagnostic quantities are the non-dimensional magnetic Reynolds number,
, and Lorentz number Lo = 2 τ 2E mag .
Benchmarking and validation
To validate the new code we present a comparison with the anelastic dynamo benchmarks recently published by Jones et al. (2011) . For the comparison we employ alternative boundary conditions and an alternative parametrization based on the magnetic rather than viscous diffusion time scale, used in the benchmark models. Our output results from the three benchmark cases defined in Jones et al. (2011) are summarized in Table 1 , and selected components of the solution are plotted in Figure 1 . We achieve nearly exact agreement with the benchmark results for the hydrodynamic case and the steady dynamo case, labeled Benchmark 1 and Benchmark 2. Our results for the unsteady dynamo case labeled Benchmark 3 show some insignificant differences from the values reported in Jones et al. (2011) . The reason for the discrepancies is the use of imposed 2-fold azimuthal symmetry and lower resolution in our code to reduce computing time.
Differential Rotation and Dynamo in the Buoyancy-Dominated Regime
It is well known, that as buoyancy forcing becomes significantly larger than the Coriolis force anti-solar differential rotation develops. Such buoyancy-dominated regime was first identified by Gilman (1976) and Gilman & Foukal (1979) , and more recently it was studied by Aurnou et al. (2007) and Gastine et al. (2013) . More recent studies include the works of (Guerrero et al. 2013a,b) that is closely tailored to the solar case. These studies consistently found that due to vigorous mixing angular momentum is homogenized within the whole volume of the shell, and this leads to a strong retrograde zonal flow in the equatorial region, and thus to the anti-solar type of rotation profile.
Transition Between Rotation-Dominated and Buoyancy-Dominated Regimes
Here, we investigate the transition from the rotation-dominated regime to the buoyancy-dominated regime for non-magnetic and magnetic (dynamo) cases. In the case of Figure 2 , columnar convection has a dominant azimuthal wave number of 8. This number, however, varies as the parameter values are varied. Since even in the strongly chaotic regime the azimuthal wave number of convection remains similar to that near the onset of convection, it is useful to note the study of Busse & Simitev (2014) where the critical onset for this problem has been studied. Differential rotation in the Coriolis-dominated regime is solar-like and geostrophic, i.e. constant on cylindrical surfaces. Meridional circulation appears to return to a single-cell pattern but the symmetry with respect to the equatorial plane is lost. This, of course, is due to the fact that the Coriolis force is no longer dominant and the role of rotation is much diminished.
Probably, the most notable effect is the sign reversal of the differential rotation that switches from the solar-like to the anti-solar profile. Near the transition, the anti-solar differential rotation is still constant on cylinders parallel to the rotation axis. However, this geostrophy degrades with increasing R as evident in the last case of Figure 2 .
Effects of Magnetic Field on Differential Rotation
While solar convection is likely dominated by buoyancy, it is rather challenging to reconcile the anti-Solar differential rotation found in the buoyancy-dominated regime with observations. Indeed, it is well known from helioseismology observations that Solar differential rotation is prograde and strongly non-geostrophic (e.g. Thompson et al. 1996) .
We argue that magnetic effects may provide one possible mechanism for reversing the anti-solar differential rotation into the solar-like type. Indeed, the strong decrease of differential rotation has been established as the main effect of self-generated magnetic field of convection (e.g. Simitev & Busse 2005; Busse & Simitev 2006) . To explore the effect of magnetic field on buoyancy-dominated convection as described in the precedi21550ng section, we have performed a large set of simulations of convection and of self-sustained dynamos. by the sign change of u ϕ (r o , π/2) (marked by a dashed line in Fig. 3) . Convection in the absence of magnetic field is characterized by an abrupt as opposed to a gradual increase of both differential rotation and meridional circulation. The total magnetic energy of the self-sustained field is on average an order of magnitude smaller than the kinetic energy but the magnetic field has a significant effect on both the differential rotation and meridional circulation. In contrast to the non-magnetic case, they are strongly reduced and show no abrupt change in their values.
In the sequences shown in Figure 3 (a,c,e) the transition from the solar-like to anti-solar differential rotation is, in fact, suppressed. While we expect that if buoyancy is further increased i.e. by increasing R convection will eventually arrive once again at the transition to prograde rotation, we emphasize that the suppression of the transition happens over a large interval of R comparable to the interval between the onset of convection and the solar-antisolar transition itself.
In the sequences of shown in Figure 3 (a,c,e) suppression of the solar-antisolar transition is not observed, even though the effects of decreasing of differential rotation and meridional circulation are visible. This difference illustrates other important parameter dependences, primarily those on the Prandtl and the Coriolis numbers, P and τ , respectively. In the region of low values of Prandtl and Coriolis numbers convection is known to be rather different from columnar convection in that it takes the form of an equatorial belt of large cells attached near the outer surface of the spherical shell (Ardes et al. 1997; Busse & Simitev 2004) . Differential rotation generated by equatorially-attached convection is typically less affected by the braking effect of the magnetic field (Simitev & Busse 2005) .
Further notable effects of the magnetic field are summarized in Table 2 . These effects are illustrated in terms of one selected strongly chaotic case discussed below.
Structure and Dynamics of Convection and Magnetic Field in the
Buoyancy-Dominated Regime Figure 4 shows a comparison of the spatial structures of the convective flow of a non-magnetic case and those of a self-sustained magnetic dynamo case at identical parameter values η = 0.65, P = 1, τ = 2000, R = 1e7, n = 2, N ρ = 3 and for the dynamo solution P m = 2. At η = 0.65 value of the shell thickness is slightly thicker than the thickness of the solar convection zone and is selected so for ease of numerical simulationtypical size of convective structures is related to the thickness of the shell and thus thinner shells require spherical harmonics decomposition of higher order and degree to resolve the angular structure of the flow. At P = 1 the value of Prandtl number is appropriate in the sense that turbulent mixing tends to homogenize the flow and molecular diffusivity is replaced by effective turbulent diffusivity of similar magnitude. At τ = 2000 the Coriolis number is moderately but not excessively large reflecting the model assumption that the flow in the deep convection zone is buoyancy rather than rotation dominated. The values of the polytropic index n = 2 is adequate, while the value of the density scale hight N ρ = 3 is much lower that estimated for the solar convection zone. However, increasing, N ρ much beyond 5 becomes computationally very demanding. Finally, the value of the Rayleigh number has been selected so that the non-magnetic convection case is well into the buoyancy-dominated regime, the onset of which is at R = 5.2e6 at these parameter values.
In the case of non-magnetic convection shown in the right column of Figure 4 differential rotation is in anti-solar direction. It is strongly geostrophic i.e. constant on cylinders parallel to the rotation axis. Differential rotation is monotonously increasing towards the outer surface of the spherical shell. Note that this is also true for solar-like differential rotation in the rotation dominated regime. The structure of the flow changes significantly with radius. The first two rows of Figure 4 show isocontours of the radial As noted above the magnetic energy is significantly lower than the kinetic energy of the flow, however the influence of the magnetic field is on convection in the dynamo case shown in the left column of Figure 4 is quite remarkable. The most notable effect is, of course the reversal of the direction of differential rotation from the anti-solar to solar-like type.
A further remarkable difference is that the maximal by modulus value of the differential rotation occurs in the depth of the spherical shell rather than at the surface as is always observed in the case of non-magnetic convection. This is potentially a significant effect as it means that there is a negative gradient of differential rotation in the subsurface layer of the shell.
In the magnetic case the structure of the flow also changes significantly with radius.
The first two rows of Figure 4 show isocontours of the radial velocity at the same radial The structure of the generated magnetic field in the dynamo case is shown in Figure   5 . The magnetic field has a large-scale dipole component emerging from a patchwork of small scale magnetic features. The dipole is mainly supported by strong polar magnetic flux tubes in the polar region, which in turn are due to the relatively strong polar convection.
The predominant polarity is less clear in the equatorial region where the magnetic field structures are smaller in scale and of both polarities. The dipole solution is non-oscillating.
Unfortunately, we have not been able to locate oscillating dynamos in this regime and observe the direction of dynamo wave propagation. This is left for future studies.
Conclusion
We have presented here a set of convective dynamo simulations in rotating spherical fluid shells based on an anelastic approximation of compressible fluids. The simulations extend into a "buoyancy-dominated" regime where the buoyancy forcing is dominant while the Coriolis force is no longer balanced by pressure gradients and strong anti-solar differential rotation develops as a result. Dynamos in this regime are strongly dominated by dipole components but at the same time their magnetic energies are relatively small compared to the corresponding kinetic energies of the flow. Despite being relatively weak the self-sustained magnetic fields are able to reverse the direction of differential rotation to solar-like. We find that the convection in the buoyancy-dominated regime is significantly stronger near the pole than in the equatorial region, leading to non-oscillatory dipolar dynamo solutions. Further significant details are summarized in Table 2 The results are obtained with a new simulation code for modelling of convection and MHD dynamo generation in rotating spherical shells under the anelastic approximation.
The model equations and the new code have also presented here along with code validation results based on benchmark dynamo models. 
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Monotonic in/decrease of differential rotation towards the outer surface in solar/antisolar cases.
Differential rotation attains a maximum inside shell and a subsurface decrease.
Retrograde differential rotation in buoyancy-dominated regime.
Differential rotation reversed from antisolar to solar-like.
No columnar structure at depth. Convective columns visible in depth. 
